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1 Introduction 

At present there can be no doubt to say that the quantum group theory has 
been one of the most important, modern and rapidly developing directions of 
mathematics and mathematical physics in the end of the twentieth century. Al- 
though initially (in the early 1980's) the quantum group theory was formulated 
for solving problems in the theory of integrable systems and statistical physics, 
later the surprising connection of this theory with many branches of mathematics, 
and the theoretical and mathematical physics was discovered. Today the quan- 
tum group theory is connected with such mathematical fields as special functions 
(especially, with g-orthogonal polynomials and basic hypergeometric series), the 
theory of difference and differential equations, combinatorial analysis and repre- 
sentation theory, matrix and operator algebras, noncommutative geometry, knot 
theory, topology, category theory and so on. From point of view of the mathe- 
matical physics there exists interconnection of the quantum group theory with the 
quantum inverse scattering method, conformal and quantum fields theory and so 
on. It is expected that the quantum groups will provide deeper understanding of 
concept of symmetry in physics. 

In the broad sense the notation "quantum groups" Q involves different defor- 
mations of the universal enveloping algebras U{g) of Lie algebras and superalge- 
bras (7, such as: q-deformations, Yangians, elliptic and dynamic quantum groups, 
mixed deformations (for example, two-parameter deformations) and so on. In the 
restricted sense the quantum groups mainly mean the g-deformations of the uni- 
versal enveloping algebras Uq{g) of Lie algebras and superalgebras g (sometimes 
the g-deformations of the groups and supergroups are also included here) . In what 
follows we use the notation of the quantum groups in this restricted sense. 

It is well known that the method of projection operators for usual (non- 
quantized) Lie algebras and superalgebras is powerful and universal method for 
a solution of many problems in the representation theory. For example, the 
method allows to classify irreducible modules, to decompose modules on sub- 
modules (e.g. to analyze structure of Verma modules), to describe reduced (su- 
per) algebras (which are connected with reduction of a (super) algebra to (su- 
per)subalgebra), to construct bases of modules (e.g. the Gelfand-Tsethn's type), 
to develop the detailed theory of Clebsch-Gordan coefhcients and another elements 
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of Wigner-Racah calculus (including compact analytic formulas of these elements 
and their symmetry properties) and so on. It is evident that the projection oper- 
ators of quantum groups play the same role in their representation theory. 

In these lectures we develop the projection operator method for quantum 
groups. Here the term "quantum groups" means g-deformed universal envelop- 
ing algebras of contragredient Lie (super)algebras of finite growth (these (su- 
per)algebras include all finite-dimensional simple Lie algebras and classical su- 
peralgebras, infinite-dimensional affine (Kac- Moody) algebras and superalgebras) . 
Conventionally, contains of the lectures can be divided on two parts. Basis frag- 
ments of the first part are: a combinatorial structure of root systems, the g-analog 
of the Cartan-Weyl basis, the extremal projector and the universal i?-matrix for 
any contragredient Lie (super) algebra of finite growth. It should be noted that the 
explicit expressions for the extremal projectors and the universal R-matrices are 
ordered products of special g-series depending on noncommutative Cartan-Weyl 
generators. 

In second part (Sects. 9-12) we consider some applications of the extremal pro- 
jectors. Here we use the projector operator method to develop the theory of the 
Clebsch-Gordan coefficients for the quantum algebras Uq(su{2)) and Uq{su(3)). In 
particular, we give a very compact general formula for the canonical Uq{su{3)) D 
Uq{su{2)) Clebsch-Gordan coefficients in terms of the Uq{su{2)) Wigner 3nj- 
symbols which are connected with the basic hypcrhcomctric series. Then we apply 
the projection operator method for the construction of the g-analog of the Gelfand- 
Tsetlin basis for Uq{su{n)). Finally using analogy between the extremal projector 
p{Uq{sl{2)y) of the quantum algebra Uq{sl{2)) and the (5 (a;) -function we introduce 
'adjoint extremal projectors' p'^'^\Uq{sl{2)) (n = 1,2, . . .) which are some gener- 
alizations of the extremal projector p{Uq{sl{2))), and which are analogies of the 
derivatives of the (5(a;)-function, 6^"'\x) (n=l,2, . . .). The elements p'^"-'(C/q(sZ(2)) 
can be applied to construction and description of decomposable representations of 
quantum algebra Uq{sl{2)) (details see |^|). 



2 Preliminary information 

Let g{A, t) be a contragredient Lie (super) algebra of finite growth^ with a sym- 
metrizable Cartan matrix A (i.e. A = DA''y"\ where A^^"^ = {a^f™)i^j^i is a sym- 
metrical matrix, and D is an invertible diagonal matrix, Z? = diag (di, c?2, • ■ ■ ,rfr)), 
tC/, /:={l,2,...,r}, and let H := {ai, . . . , a^} be a system of simple roots for 
<7(At). 

The Lie (super)algebra g := g{A,T) and its universal enveloping algebra U{g) 
are completely determined by the Chevalley generators e'^^. , h'^, (i = 1, 2, . . . , r) 
with the defining relations |9|: 

[h'c^M ^ 0, K.,e'±„J = ±a7f^e'^,^ , (2.1) 

^These (super)algebras include all finite-dimensional simple Lie algebras and classical super- 
algebras, infinite-dimensional afiine (Kac-Moody) algebras and superalgebras. 
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(ad4„J"'^ 4a, =0 for z ^ J , (2.2) 



where the positive integers are given as follows: = 1 if = = 0, 
=2 if a*j^'"=0, a^j^'"^0, and = -2a^-^'"/a*-^'"+l if a^^'^^O. Moreover it is 
necessary also to add all nontrivial relations of the form: 

[[e'±„,,e'±„J,[e'±„^,e'±„J] = (2.3) 

for each triple of simple roots a^, aj, a^, if they satisfy the condition: 

<r=«T=0' «r--«^r^o. (2.4) 

Throughout the paper the brackets [•, •] and the symbol "ad" denote the super- 
commutator in U{g), i.e. 

(ada)&= [a,b] = a6 - (-l)'^'=s(a) dcg(6)^^ (2.5) 
for all homogeneous elements a, 6 G g, where 
deg(/i^, ) = for i e /, deg(e'±„^ ) = for i ^ r, deg(e'±„^ ) ^ 1 for i e r. (2.6) 



Remarks, (i) The triple relation ( |2.3[ ) may appear only in the supercase for the 
following situation in the Dynkin diagram: 

aj ai ak , ^ 
® (2.7) 



Here ai is an odd gray root, and aj, ak are not connected and they can be of any 
color (degree): white, gray or dark, and moreover the lines connected the node ai 
with the nodes aj and ak can be non-single. The second equality (^.2D is ordinary 



called the Serre relation therefore the equality (2.3) may be called the triple Serre 
relation because it connects three root vectors Cq;, Cq and Ca^. 



(ii) Besides the relations of type (2.3) the additional Serre relations of higher 
order can also occur but we don't give them here because these relations appear 
only for the Dynkin diagrams of special type. A total list of such diagrams and 
corresponding additional Serre relations can be found in the paper | ]30| . 

Let be a system of all positive roots of the (super) algebra g{A,T). Any 
root 7 of A+ has the form: 7 = ^[71.^0;^, where all are nonnegative integers. 
The total system of all roots, A, has the form: A — A-|_ 1J(— A+). On the system 
A there is a bilinear form (•, •) such that {ai,aj) — a^j'™. The form is positive 
definite for all simple finite-dimensional Lie algebras and it is nondegenerate for 
all finite-dimensional contragredient Lie superalgebras. With respect to this form 
the simple roots G H are classified (colored) as follows: 

• A simple root ai is called even (white) if (ai,ai) 7^ and 2ai ^ A+. (In 
this case i ^ t). 

• A simple root ai is called odd, dark if {ai,ai) 7^ and 2ai G A_|_. (In this 
case i e t). 
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• A simple root ai is called odd, grey if [ai,ai) — 0. One can show that 
doubled grey roots don't exist, 2ai ^ A+. (In this case i £ t). 



The grey and dark roots occur only in the supercase. 

Let 7 be any root of A+, this root is called odd if in its decomposition on 
the simple roots, 7 = ^[n^ai, the sum of the coefficients rii for all odd roots ai 
is odd. Otherwise the root 7 is called even. The parity of the negative root —7 
coincides with the parity of the positive root 7. 

Coloring of the roots is extended on all system A as follows: 

• All even roots are white. A white root is pictured by the white node O . 

• An odd root 7 is called grey if 27 is not any root. This root is pictured by 
the grey node ®. 

• An odd root 7 is called dark if 27 is a root. This root is pictured by the 
dark node • . 

In the case of the affine Kac-Moody (super)algebras all roots are also divided into 
real and imaginary. Every imaginary root nS satisfies the condition (nd,"/) — for 
all 7 € A. For the real roots this condition is not valid. 



3 Combinatorial structure of root systems 

At first we remind the definition of the reduced system of the positive root system 
A-|_ for any contragredient (super) algebras of finite growth. 

Definition 3.1 The system is called the reduced system if it is defined by the 
following way: A_,_ = A+\{27 e A_|-|7 is odd}. That is the reduced system A_|_ is 
obtained from the total system A+ by removing of all doubled roots 27 where 7 is 
a dark odd root. 

Combinatorial structure of root system of the contragredient Lie (super)algebra 
of finite growth is connected with notation of the normal ordering in the reduced 
system of positive roots. 

Definition 3.2 We say that the system A^ is in normal ordering if each compos- 
ite (not simple) root 7 = a+/3 (q;,/3,7 S A^j, where a and (3 are not proportional 
roots (a 7^ A/3j, is written between its components a and (3. It means that in the 
normal ordering system A^ we have either 

...,a,...,a+f3,...,P,... , (3.1) 



or 



...,(3,...,a+(5,...,a,... . (3.2) 

We say also that a < (3 if a is located on the left side of [3 in the normal ordering 
system A_^, i.e. this corresponds to the case (3.1). 
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The normal ordering system A_|_ is denoted by the symbol . It is evident that 
boundary (end) roots in A_|_ are simple. The combinatorial structure of the root 
system A^ is described the following theorem. 

Theorem 3.1 (i) Normal ordering in the system A^ exists for any mutual loca- 
tion of the simple roots ai, i = 1, 2, . . . , r. 

(ii) Any two normal orderings A_|_ and A_|_ can be obtained one from another by 
compositions of the following elementary inversions: 

a, l3 ^ 13, a , (3-3) 

a,a+l3,(3 ^ f3,a + l3,a , (3.4) 

a,a + P,a + 2l3,l3 ^ /3, a + 2/3, a+/3, a , (3.5) 

a,a+/3,2Q+3/3, Q + 2/3,a + 3/3,/3 ^ /3, q+3/3, a + 2/3, 2q+3/3, q+/?, a, (3.6) 

a, 5+a, 2S+a, . . . , ooS+a, 5, 25, 35, ... , oo5, oo5~a, . . . , 25— a, 5~a ^ 
^ S — a, 25 — a, . . . , oo5 — a, 5, 25, 35, ... , ooS, oo5+a, . . . , 25 + a, 5 + a, a , 

a, 5+ 2a, 5+a, 35 + 2a, 25+a, . . . , os5+a, (2oo + l)5 + 2a, (oo + l)5 + a, 5, 25, . . 

oo5, {oo + l)5 — a, (2oo + l)5 — 2q!, oo5 — a, . . . ,25~a,35 — 2a,5~a,5 — 2a, <-> 

^ 5-2a, 5-a, 35-2a, 25-a, oo5-a, {2oo+l)5-2a, (oo+l)5~a, 5, 25, . 
oo5, {oo + l)5 + a, {2oo + l)5 + 2a, oo5+a, 25 + a, 3<5+2a, 5 + a, 5 + 2a, a, 

where a — (3 is not any root. 

A proof of the second part (ii) for the case of the finite-dimensional simple Lie 

algebras can be found in ||^ . The full proof of the theorem is given in the outgoing 
paper (28l. 



(3.7) 



(3.8) 



The root systems in (3.3)-(3.8) belong to the (super) algebras of rank 2. The 
combinatorial theorem permits to construct a g-analog of the Cartan-Weyl basis 
and to reduce the proof of basic theorems for extremal projector and the universal 
i?-matrix for the quantum (super)algebra of arbitrary rank to the proof of such 
theorems for the quantum (super)algebras of rank 2. 

4 Quantized Lie (super)algebras 

The quantum (g-deformed) universal enveloping (super) algebra C/5(g)[|, where g is 
a contragredient Lie (super)algebra of finite growth, may be consider as a de- 
formation / (reserving the grading) of the universal enveloping algebra U{g): 



f f f A 7i 

U{g) ^ Uq{g) (e'_j_^. 1-^ e±Qi' ^'ai ^ ^aj' which modifies the relations (2.2) 



(2.2). More precisely we have the following definition pT[ . 



^We shall also use the name "the quantized Lie {super)algcbra g" 
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over (S[q, q ^] with Chevalley generators e 
and the defining relations: 



Definition 4.1 The quantum (super) algebra Uq{g) (where g :— g{A,T) is a con- 
tragredient Lie (super) algebra of finite growth), is an associative (super) algebra 

(4.1) 
(4.2) 



1 



(ze/:={l,2, 



(ad, e±Qj"'^e±Q^ 







for i 7^ j , 



q~q- 



(4.3) 



where the positive integers Uij are the same as in the relations \2.^ ). Moreover, 
if any three simple roots Ui, aj, q^, satisfy the condition (2.4) then there are the 
additional triple relations of the form: 



(4.4) 



Here in (4.1)~(4.4) the brackets [•, •] is the usual supercommutator ( p.5[ ), and [•,•], 
and adq denote the q-deformed supercommutator (g-supercommutator) in Uq{g): 



(ad, e^)e0 = [e„, ep]^ = e^ep - (-l)d-g(-=) ^-sie,)q{n.^P)^^^^ 



(4.5) 



where (a, (3) is a scalar product of the roots a and f3, and the parity function 
deg(-) is given by 

deg(fcQj = for i e /, deg(e±Qj = for i ^ r, deg(e±aj = 1 for i e r. (4.6) 
Below we shall use the following short notation: 

i?(7) := ^{e,) = deg(e^) . (4.7) 



Remarks, (i) It is not hard to verify that the the relations (ll)-(44) are invariant 
with respect to the replacement of q by q~^. 

(ii) The outer g-supercommutator in (4.4) is really the usual supercommutator 
since (ai + Qfj, ai + afe) = 0. 

(iii) The remark (ii) after the formula (2/7) is also valid. 

Clearly, the quantum (super)algebra Uq{g) reduces to the usual universal en- 
veloping (super)algebra U{g) ii q ~* 1. 

By direct calculations we can show that quantum (super)algebra Uq{g) is a 
Hopf (super)algebra with respect to a comultiplication A,, an antipode Sq and a 
counit e defined as 



A,(e„J 
A,(e_aJ 



= e 



i,±i 

1 + k'l 0$ e 
5 fca, + 1 
£(e±Q.) = , e{ka 



e_„. 



^qi^-aj = 
6(1)^1, 



(4.8) 
(4.9) 
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Both in the quantum and non-quantum case we can directly use the Cheval- 
ley generators for construction of a 'monomial' basis in all universal enveloping 
(super)algebra Uq{g) {U{g)). Bases of such kind were proposed by Verma for the 
non-quantized case and by Lusztig for the general case. The Lusztig basis is 
an universal one and it is called the canonical basis. Both the Verma basis and 
the Lusztig basis have rather complicated algebraic structure and therefore they 
were not used in a broad fashion until now. It is well known that a monomial 
basis constructed of Cartan-Weyl generators is a more algebraically simple basis. 
Therefore a natural problem is to construct a g-analog of the Cartan-Weyl basis 
(the quantum Cartan-Weyl basis) for the quantum (super)algebra Uq{g). 

Our method for construction of the g-analog of the Cartan-Weyl basis and its 
general properties and also properties of the extremal projector and the univer- 
sal i?-matrix are closely connected with the combinatorial structure for the root 
system of the Lie (super)algebra g. 

5 Quantum Cartan-Weyl basis 

The q-analog of the Cartan-Weyl basis for Uq{g) is constructed by using the fol- 
lowing inductive algorithm |2^, ]ri[-p^. 
We fix some normal ordering and put by induction 

Cj [ea,ef3]q, e_-y := [e_/3, B-q],-! (5.1) 

if J = a+p, a ^ 7 ^ /3 (q;,/3,7 G A+A ^.i^d the segment [a; P] C A_|_ is minimal 
one including the root 7, i.e. the segment has not another roots a' and /?' such 
that a' + P' — J. Moreover we put 

r 

By this procedure one can construct the total quantum Cartan-Weyl basis for all 
quantized finite-dimensional simple contragredient Lie (super)algebras. In the case 
of the quantized infinite-dimensional afhne Kac-Moody (super)algebras we have to 
apply one more additional condition. Namely, first we construct all root vectors 
67 (7 G A) by means of the given procedure, and then we overdeterminate the 
generators CnS of the imaginary roots G A in a way that the new generators e'^g 
are mutually commutative if they are not conjugate generators. Because of the 
fact that we do not have a sufficient place here to describe the overdetermination 
of imaginary root generators in details, we are restricted to a consideration of 
finite-dimensional case, i.e. when g is a finite-dimensional simple contragredient 
Lie (super)algebra. 

The quantum Cartan-Weyl basis is characterized by the following properties 
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Proposition 5.1 The root vectors {e±-y} (7 S A_^_) satisfy the following relations: 

kt'e^ = q^^^'-'^e^kt' , (5.3) 

where rriiji = a + (3, and the coefficients C... are rational functions of q and 
they do not depend on the Cartan elements ka-, i — 1,2, .. .n, and also 

[e„ e-«] = E C.S,7--7.«-7. • • • Asts> • • • 4 (5-6) 

where the sum is taken on 71, 7p, 7^, 7^ and mi, . . . , rup, m'^, . . . ,m'g such 
that 

7i ^ . . . ^ 7p ^ a ^ /3 ^ 7^ ^ . . . ^ 7^ , ^{m'lii - mm) = /3 - a 

I 

and the coefficients C'.. are rational functions of q and ka or kp. The monomials 

^71^^72 ' " ^"p ^'"■^ ^-\i^-%2 ' ' ' S-7p' f7i ^ 72 ^ • • • ^ 7pj, generate (as a linear 
space over Uq{H) ) subalgebras Uq{b+) and Uq{b-) correspondingly. The monomials 

p"i p"2 ...„"p p"'ip"'2 . . . pn'.s 
•=-71 ^^-72 '^-7pS'i 7'2 7'a' 

w/iere 71 ^ 72 ^ • • • ^ 7p and Yi -< ~< " ' ~< I's)' generate Uq{g) over Uq{H). 

Here the algebra Uq{TC) is generated by the Cartan elements ko,. (i = 1, 2, . . . , r). 

Now we consider some extensions of Uq{g), Uq{b+) (S> Uq{b-) and Uq{g) (S> Uq{g) 
since the extremal projector and the universal i?-matrix are elements of these 
extensions. 

6 Taylor extensions of Uq{g), Uq{b+) <S) Uq{b-) and 
Uqig) Uqig) 

Let Fract be a field of fractions over Uq{K), i.e. Fract (L/q(/'ir)) is an 

associative algebra of rational functions of the elements k^^, {i = 1, 2, . . . , r). We 
put 

Uq{g) = Fract {Uq{K)) ^u,{k) Uq{g) . (6.1) 

Evidently, the extension Uq{g) is an associative algebra. The algebra Uq{g) is 
called the Cartan extension of the quantum algebra Uq{g). 
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Let {e±.y}, 7 £ A_,_, be the root vectors of the quantum Cartan-Weyl basis 
built in accordance with some fixed normal ordering in A_|_. Let us construct a 
formal Taylor series on the following monomials 

e'l';,---e'>- C"<---er (6-2) 

with coefficients from Fract {Uq{K)), where a ^ ^ ■ ■ ■ ^ (3 in a sense of the fixed 
normal ordering in A_|_ and nonnegative integers np^n^ . . . ,na, rria, . . . , mp are 
subjected to the constraints 

I ^ (n^ — TO^)c-'''' < const , i = 1, 2, • • • , r , (6.3) 

where c^^ are coefficients in a decomposition of the root 7 with respect to the 
system of simple roots H. Let Tq{g) be a linear space of all such formal series. We 
have the following simple proposition. 

Proposition 6.1 The linear space Tq{g) is an associative algebra with respect to 
a multiplication 0} formal series. 

The algebra Tq{g) is called the Taylor extension of Uq{g). 

Let Fract ([/g(i4r ® K)) be a field of fractions generated by the following ele- 
ments: f ® fca;, koii ® 1 and ^ (i, j = f , 2, . . . , r). Let us consider a formal 
Taylor series of the following monomials 

e-e!;-..e;^®er^...e-,^e-^ (6.4) 

with coefficients from Fract {Uq(K ® K)), where a-<7^ •••-</3ina sense of 
the fixed normal ordering in A_|_ and nonnegative integers rif}, . . . ,na, ma, . . . , 
are subjected to the constraint ( |6.3[ ). Let Tq{b+ (g) 6_) be a linear space of all such 
formal series. The following proposition holds. 

Proposition 6.2 The linear space Tqih^ ® 6_) is an associative algebra with re- 
spect to a multiplication of formal series. 

The algebra Tq{b-^ ®b-) will be called the Taylor extension of Uq{b+) ® Uq{b^). 
At least we consider a formal Taylor series of the following monomials 

e_| • • • e_:;e™°eS°e!;- ■ ■ ■ e/ ej^ ■ ■ ■ e_:;e_^ea°e^^ • • • e/ (6.5) 

with coefficients from Fract {Uq{K (g) K)), where a^'j^---^(3ma, sense of the 
fixed normal ordering in A^. and nonnegative integers Ufj, . . . ,na, rria, . . . , mp and 
n'p, . . . ,n'a, m'a, . . ■ , m'p are subjected to the constraints 



\ 11,^1 II,. — 111,^, — III,. iC 

7eA+ 



(n^ + n'^ ~ — m'^)c\' < const , z = f , 2, • • • , r . (6.6) 



Let Tq{g (g) g) be a linear space of all such formal series. The following simple 
proposition holds. 
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Proposition 6.3 The linear space Tq{g®g) is an associative algebra with respect 
to a multiplication of formal series. 

The algebra Tq{g®g) will be called the Taylor extension of Uq{g)®Uq{g). Evidently 
the following embedding hold 

Tq{g®g)Z)Tq{h+®h^) , 

(6.7) 

Tq{g <S>g)D Tq{g) ® Tq{g) D Aq{Tq{g)) . 

7 Extremal projector 

By definition, the extremal projector for Uq{g) is a nonzero element P'=p{Uq{g)) 
of the Taylor extension Tq{g), satisfying the equations 

eaiP = pe-a,^0 (VaiGlI), ^ P ■ (7.1) 

Acting by the extremal projector p on any highest weight ?7g((7)-niodule M we 
obtain a space M° = pM of highest weight vectors for M (if pM has no singular- 
ities). 

Fix some normal ordering and let {e±^} (7 e A^) be the corresponding 
Cartan-Weyl generators. The following statement holds for any quantized finite- 
dimensional contragredient Lie (super)algebra0 5 [|2^, [l^ . 



Theorem 7.1 The equations ^7.\ ) have a unique nonzero solution in the space of 
the Taylor extension Tq{g) and this solution has the form 

^=11^7' (7-2) 

where the order in the product coincides with the chosen normal ordering of A^ 
and the elements pj are defined by the formulae 

m>0 ^ 

Here p is a linear function such that {p, ai) = ^(cti, a^) for all simple roots ai € H; 
0(7) is a factor in the relation := (— l)''^'''^^"'-'''''''^- the symbol (rn)q is 

given by the formula: 

{m)q := 3^ . (7.5) 



•^The theorem is also valid for the qiianf. iznd infirii t.e-H imensiorial affine Kac-Moody (su- 
per)algebras, but in this nasp t he f nrTniilas ( |7.3| ) and for the imaginary roots 7 = n5 

should be more detailed (see [hd, ESj as examples). 
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In the hmit g — > 1 wc obtain the extremal projector for the (super)algebra g: 
limp{Uq{g)) = p{g) |[ A proof of the theorem actually reduces to the 

proof for the case of the quantized (super)algebras of rank 2, and it is similar to 
the case of non-deformed finite-dimensional simple Lie algebras H . 



8 Universal i?-matrix 

By definition, the universal _R- matrix for the Hopf (super)algebra Uq{g) is an 
invertible element of the Taylor extension Tq{bj^ (g) satisfying the equations 

Kq{x) ^ RA{x)R'\ yxeUqig), (8.1) 
{Aq ® id) R ^ R^^R^^ , (id(g)AJi? = (8.2) 

where Ag is an opposite comultiplication: = aAg, a{x®y) = (— l)'^°sa:dogiyy^^ 
for all homogeneous elements x,y € Uq{g). In (8.2) we use standard notation 



m 



i?i2 = ^ (g) 6^ (g) 1, = X) fli 1 «> 6i, = X 1 (g (g) 6, if R has a for 
i? = Sfli (g 6i. 

We employ the following standard notation for the q-exponential: 

exp^(x) :=l + a;+(fy + -- -+ (fy + -- - = I](fy, (8.3) 

n>0 

where {n)q is defined by the formulas (^). 

Fix some normal ordering A_|_ and let {e±^} (7 G A^) be the corresponding 
Cartan-Weyl generators. The following statement holds for any quantized finite- 
dimensional contragredient Lie (super)algebraQ 5 [|ll|, |l^, [l^ . 



Theorem 8.1 The equation (SA) has a unique (up to a multiplicative constant) 
invertible solution in the space of the Taylor extension Tq{h+®b-) and this solution 
has the form 

R={ n ^7) -^^ (8-4) 

where the order in the product coincides with the chosen normal ordering A__^ and 
the elements R^ and K are defined by the formulas 

R^ = exp,-_^ ((-l)'(^Hg - q-'){a{j))-\e., (g> e_^)) , (8.5) 

if = (8.6) 

where 0(7) is a factor from the relation (5.4), and dij is an inverse matrix for a 
symmetrical Cartan matrix (a^J™) if (a*J™) is not degenerated. (In a case of a 

■^The theorem is also valid for the qu anti zed infinite-dimensional afline Kac-Moody (su- 
per)algebras, hiit in this case the formula {i.5) for the imaginary roots ■y = nS should be more 



detailed (see pg M hj 
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degenerated (a^J™) we extend it up to a non-degenerated matrix (S,|,f™) and take 



an inverse to this extended matrix). Moreover the solution (8.4) is the universal 



R-matrix, i.e. it satisfies the equations (8.i) too 



A proof of the theorem actually reduces to the proof for the case of the (su- 
per) algebras of rank 2 (see ||ll[). 

In the rest sections we consider some applications of the extremal projectors. 

9 Clebsch-Gordan and Racah coefficients for the 
quantum algebras Uq{su{2)) 

Let J±, q^-'" be generators of the quantum algebra Uq{su{2)). These generators 
satisfy the standard relations: 

= Jzp , Jo* Jo , q* ^ q {or q ^) . 

Here and in what follows we use the notation: [x] ~ [q^ ^q^^') / [q—q^^) . The Hopf 
structure of Uq{su{2)) is given by the following formulas for the comultiplication 
Ag, and the antipode Sq. 

Aq(Jo) = Jo® 1 + 1® Jo, ^^(Jo) = -Jo, 

^q{J±) = J± ® g-^" + g-^" ® J± , Sq{J±) = -q^^J±. 

Let {Ijm)} be a canonical basis of the J7q(sM(2))-irreducible representation (IR) 
with the spin j. These basis vectors satisfy the relations: 



(9.3) 



J±\jm) = Vb' T m] [j ±771+1] \jm ± l) . 
The vector Ij'tti) can be represented in the following form 

M = iv^;,bj), (9.4) 

where 



„j _ j [j+m]: p-m /q ,n 

^ra;3 " \j [2j]\[j-m]\ ' ^^'^^ 

and is the highest weight vector, i.e. 

J+bj)=0. (9.6) 

The operator F^.^ is called the lowering operator. We can also introduce the rising 
operator 
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which has the property 

bj)=^5f™M- (9.8) 
The extremal projector p for Uq{su{2)) can be represented in the form 

oo 

(-l)^r,(2Jo+2) „ , . 

^ ^ [n]!r,(2Jo+n+2) '^-'^+ ' 
n=0 

where ^q{x) is the modified q-gamma function 

Tgix + 1) ^ [X]rg{x) . (9.10) 

This function is connected with the standard Heine-Thomae g-gamma function 
Tq{x) by the relation Tq{x) = g^(^~-'^^/''rg(a;). The extremal projector p satisfies 
the relations: 

J+p = pJ_=0, p'^p. (9.11) 

We multiply the extremal projector p by the lowering an rising operators as follows 

Below we assume that the operator Pj^.j^, acts in a vector space of the weight m'. 
The operator is called the general projection operator. 

Let {Ijirrii)} be canonical bases of two IRs ji {i — 1, 2). Then {|ji?7ii)|j2m2)} 
be an 'uncoupled' bases in the representation ji (g) j2 of Uq{su{2)) (g) Uq{su{2)). In 
this representation there is another basis |jij2 : jswa)^ which is called a 'coupled' 
basis with respect to ^q{Uq{su{2))). We can expand the coupled basis in terms of 
the uncoupled basis {\j1Tn1j\j2m2)}: 

\ji32-j'im^)^^ ^ {jimij2m2\hm^)^\jimi)\j2m2) , (9.13) 

where the matrix element (jimi J2TO2|j3"t.3)^ is called the Clebsch-Gordan coeffi- 
cient (CGC). After some manipulations we can show that CGC is presented by 

/. . 1. N (iimi|(i2m2|Aq(P^3 , )|jiji)|j2i3-ii> , 

(jimij2m2|j3"i3)g = ^ • (9.14) 

J O'lii I O2 ji - ji I A, {Pj^.j^ ) liiii > I J2 is - ji > 

This is a formula for calculation of CGCs. Using the exp licit expression ( 9.12| ) for 
the general projectio n op erator -PmVis' formulas (9^) for the comultiplication 
Aq and the actions (9^) for the generators of Uq{su{2)) on the canonical basis 
vectors \jimi') {i — 1,2) it i s no t hard to calculate the numerator and the denomi- 
nator of the right side of ( |j.l4| ). As result we obtain the following expression for 
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CGC of the quantum algebra Uq{su{2)): 

^ / [2j3 + l] [jl +i2-i3] ! [jl-j2+j3] ! [jl+i2+i3 + l] ! [j2-m2] ! [j3+m3] ! 

y [-ji+J2+i3]![ji+mi]![ji-mi]![j2+ni2]![i3-m3]! (,9.iOj 

(-I)ii-to2-j3^q"bl+'"i)[2j2-n]![ji+i2-m3-n]! 
^ N![ii+i2-i3-"]![i2-m2-n]![ii+j2+J3+l-n]! 

A total list of different explicit expressions and symmetry properties for the q- 
CGCs can be found, for example, in |2^, |2l|, |2^ . 

The general formula ( |9.15 ) can be expressed in terms of the basic hypergeo- 
metric series 



^ ' y [ji+j2-i3]![-ii+i2+j3]![ii+i2+i3+i]! 



b3+™3]!([ji+i2-m3]!)^ 



(9.16) 



[ji+m,i]![ji-mi]![j2+m2]![i2"m2]![j3-m3]! 
X ( -h-j2+j3, -ji-j2-j3-l. -j2-m2| 2 2(ji+mi+l) 



-2^2, — jl— j2+m3 

We can also obtain the explicit expression of the Racah coefficients or the 
6j-symbols for Uq{su{2)) using the extremal projector. Let be canoni- 

cal bases of three IRs ji {i — 1,2,3). The Racah coefficients for Uq{su{2)) (or 
the g-Racah coefficients) are matrix elements of the transformation between two 
couphngs of these representations: ji {j2 ® ja) and (ji (8) j2) ^ ja- i-e. 

j2j 3(323) -jm)^ = ^U{jij2jj3;jl2j23)q |jlj2(jl2), ja) -jm)^ , (9.17) 

jl2 

where, for example, the vector |ji, ^2^3(^23) '-jfn)^ corresponds to the first coupling 
scheme ji (8) (j2 ® ^3) and it has the form: 

\jl,j2j3{j23)-jm) = J2 (jl?"li23™23|iw)(j2TO2j3»TT-3 1^23^23) 

(9.18) 

X|il^"l)|j2?7l2)|j3™3) ■ 

The q-Racah coefficient U (jij2ji3; Ji2j23)g is connected with the g-Gj-symbol { ' }q 
by the standard relation 



aim23 



f/(jlj2jj3;jl2j23), = {-iy''-'^'^W[2jl2 + l]![2j23 + 1]! ^ ■ (9.19) 

I J3 J J23 )q 

It is not hard to obtain the formula for calculation of the g-6j-symbols in terms 
of projection operators: 

jl J2 jl2 \ _ (-l)31+32+J3+J 



js j j23 )q V[2ii2 + l]![2j23 + l]! 2Q) 

^ (jlJ-J23|(j2J23^2|(j2j2|P^23(23)P^(123)P^12(12)|iljl2-j2)|j2J2)|j^^^^ 

(ilil2-i2 ,i2 j2 1 12il2)<j (jl2il2 ,j3j-J12 \jj)q{jlj^23 ,j23j23 \jj)qij2j2 ,323-32 1^23^23 )? ' 
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where the notations are used: P/^, P^''^23) := id(g>Aq{P^^^), PJ(123) := 

(A, (g) id)Ag(PJ), PJi=(12) := A^(PJi^) ® id. 

We substitute the exphcit expressions for all special CGCs in the denominator 
of the right side of ( 9.20| ) and then we use the actions of the generators of Uq{su{2)) 
on the canonical basis vectors \jimi) {i = 1,2,3), and as result we obtain the 
explicit expression for the g-6 j-symbol ||2l|, |2^ : 



^ ' [Jl-j2+il2]![-jl+j2+il2 

9 

b2-i3+i23]![-i2+j3+j23]![jl-j23+i]![-jl2+i3+j]! 



^ V (312 j3 j)g V (jlj23j)q [jl2 +33 + j+ 1] ! [jl +323 + j + 1] ! /g 



^ (-1)'' [31+3 -323+z]! [33 +j - ji2 +z]! [312+323 +32 -j-z]! 

^ [z] ' [ii +323 -3 -z] ' [312 +33 -3 -z] ! [32 +3-312 -323 +z] ! [2j + 1+z] ! ' 

where we use the notation: 



V (Jij2j3), - y [ji+j2+j3+l]! • (9-22) 

A total list of different explicit expressions and symmetry properties for the q-6j- 
symbols (or the q-Racah coefficients) can be found in the papers |l^, |2j, |2|] . 

The general formula ( j.2l| ) of the q-6j-symbol can be expressed in terms of the 
following basic hypergeometric series 



J3 J J23 



jl j2 jl2 [ ^ ^ ^ ')ji+jia + 723 + j3 V(3l323l2),V(3233323)gV(3l2333). 

g 



X 



^ ^ [3l-32+3l2]![-3l+32+3l2]![32-33+323]! 

V (313233 ).; [312+33 +3 + 1] ! [31 +323 +3 + 1] ! [32 +312 +323 -3] 
[-32+33+323] '[31+323-3]! [312 +33 -3]! [32+3-312 -323] ![2j + l]! 



(9.23) 



X I -31-323+3, -312-33+3,31-323+3 + 1,33+3-312 + 11 „2 2 



If we set ji2=ji+j2 in (9.21) we obtain simple explicit expression for the special 
(so called 'stretched') g-6j-symbol: 



jl j2 jl+j2 

ja j j23 



= (—1)31+32+33+3 

9 



[2 jl ] ! [2j2] ! [jl +32 +33+3 + 1] ' 



[2jl+2j2+l] ! [jl+3+j23+l] ! [j2+33+323+l] ! 



(9.24) 



X 



[jl +32 - j3 + j] ! [jl + j2 + j3 - j] ! [- jl + j+ j23] ! [- j2+33+323] ! 
[-jl-j2+j3+j]![jl+j-j23]![jl-j+j23]![j2+33-323]![j2-33+j23]! 



In the next section we consider a more complicated example of application of 
the projection operator method for calculation of a general expression for CGCs 
of the quantum algebra Ug{su{3)). 



10 Clebsch-Gordan coefficients for the quantum 
algebra Uq{su{3)) 

Let n :— {ai,a2} be a system of simple roots of the Lie algebra sl{3) {sl{3) :— 
sl{3, (C) ~ A2), endowed with the following scalar product: (ai, ai) = (a2, 0:2) — 
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2, {ai,a2) — (a2,ai) — —1. The root system A+ of sl{3) consists of the roots 
ai, Q!i+a2, a2. 

The quantum Hopf algebra Uq{sl{3)) is generated by the ChevaUey elements 
q±h^.^ e±ai (? = 1,2) with the relations ( |11.1| ), ( |11.2D where i,j = l,2. 

For construction of the composite root vectors £±(^0,1+02) ^''^ following 
normal ordering in A_|_: 

ai, ai + Q!2, 02- (10-1) 
According to this ordering we set 



^ — ai— 02 ■ — a2 



-ailq 



(10.2) 



Let us introduce another standard notations for the Cartan-Weyl generators: 



12 


■ ^Qil 


^21 




en - 


e22 






23 


■~ Sq2' 


^32 




^22 ~ 


e33 




(10.3) 


13 


■ ^Ql+Q2' 


631 


■ f 

— ai — Q2 ' 


en " 


e33 







The explicit formula for the extremal projector (7.2) specialized to the case of 
Uq{sl{3)) has the form 

P = P12P13P23 : 



where the elements pij (1 < i < j < 3) are given by 

n—Q ^ 

{IL 
n [' 
s=l 



n n 
ij ,n ij ji 1 



The extremal projector p satisfies the relations: 

e^jP = pcj, = {i<j), 



P =P 



(10.4) 



(10.5) 



(10.6) 



The quantum algebra Uq{su{3)) can be considered as the quantum algebra 



Uq{sl{3)) endowed with the additional Cartan involution *: 



q* (or q ^) 



(10.7) 



Let (A/i) be a finite-dimensional IR of Uq{su{3)) with the highest weight (A/i) 
(A and /x are nonnegative integers). The vector of the highest weight, denoted by 
the symbol |(Ayu)/i), satisfy the relations 



/iqj I (A/i)/i) = A|(A/i)/i) 



I (A/i)ft.)= /i| (A/i)/i) 



\iX^)h) 







< J) 



(10.: 



Labeling of another basis vectors in the IR (A/x) depends on the choice of subal- 
gebras of Uq{u(3)) (in other words which reduction chain from Uq{u{3)) to subal- 
gebras is chosen). Here we use the Gelfand-Tsetlin reduction chain: 



UqisuiS)) D UqiUyil)) ® C/,(sUr(2)) D C/,(UTo(1)) 



(10.9) 
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where the subalgebra Uq{surp{2)) is generated by the elements 



T, := e 



23 ' 



T_ e 



32 ' 



2 >v'^22 



^33-' ' 



(10.10) 



the subalgebra Uq{u is generated by q'^° , and the subalgebra C/g(uy(l)) is 
generated by wher^: 

Y = -l{2h^^+h^J . (10.11) 
In the case of the reduction chain (10.9) the basis vectors of IR (A/z) are denoted 

by 

\{Xfi)jtt,) . (10.12) 

Here the quantum number set jtt^ characterize the hypercharge y and the T-spin 
t and its projection t^: 



q^«\{Xf,)jtt,) 



\{Xn)jtt^) , 



(j^l(AM)jtt.) - qy\{Xtl)jtt,) , 



(10.13) 



where the parameter j is connected with the eigenvalue y of the "hypercharge" 
operator Y as follows 

y = -|(2A + /i)+2j . (10.14) 

We can show (see |l^ ) that the quantum numbers jt are taken all nonnegative 
integers and half-integers such that the sum ^fi + j + t is an integer and they are 
subjected to the constraints: 



' y + > 0, 

> 0, 

\^ + j + t > , 

I y + i + t > X + fi 



(10.15) 



-t,-t+l,...,t-l,t. It is 



For every fixed t the projection runs the values 
not hard to show that the orthonormalized vectors (10.12) can be represented in 
the following form 



{x^,)h)} 



(10.16) 



where i^*.^/ is the general projection operator of the type ( |9.12 ) for the quantum 
algebra Uq{surp{2)), the element is a component of the irreducible tensor 

operator of rank j , {—j < < j): 



(10.17) 



^In the classical non-deformed case in the elementary particle theory the subalgebra sUrp(2) 
is called the T-spin algebra and the element Y is the hypercharge operator. 
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the normalizing factor Nj^^^ has the form 



[x+^f,-j+t+i]\[x+^,i-j-t]\ati+j+t+i]\ati-^j+t]\ 



(10.18) 



[A]!M![A+f.+l]![2i]![2i+l]! 



The operator 



4*l = ^lf^^!;*^i.-. (10-19) 



is called the lowering operator and the conjugate operator 

F^tl = (10-20) 

is called the rising operator of Uq{su{3)). 

If the extremal operator p acts on a vector of the weight (A/i) with respect to 
the operators /iqj and then we write . We multiply the extremal projector 
pi^p-) by the lowering and rising operators as follows 

and we assume that the resulting operator acts on a vector space of the fixed 
weight (— i(2A+^) + 2j, t^) with respect to the operators Y and Tq. The operator 

Fjtt'f^^j't't' called the general projection operator of Uq{su{^)). 

For convenience we introduce the short notations: A :~ (A/i) and 7 := jttz and 



therefore the basis vector (10.12) will be denoted by | A7). Let {|Ai7i)} be Gelfand- 
Tsetlin bases of two IRs A^ (i — 1, 2). Then {|Ai7i)|A272)} be a uncoupled bases 
in the representation Ai ®h.2 of Uq{su{'iy)®Uq{su{?>)). In this representation there 
is another coupled basis IA1A2: sA373)^ with respect to Aq(C/q(su(3))) where the 
index s classifies multiple representations A. We can expand the coupled basis in 
terms of the uncoupled basis {|Ai7i) IA272)}: 

IA1A2: sA373)_^ = ^ (Ai7i A272|sA373)jAi7i)|A272) , (10.22) 

71.72 

where the matrix element (A171 A272|A373)^ is the Clebsch-Gordan coefficient of 
UJsu{i)). In just the same way as for the non-quantized Lie algebra sm(3) (see 
|lq , [19| ) we can show that any CGC of Uq{su{?>)) can be represented in t erms o f 
the linear combination of the matrix elements of the projection operator ( |l0.2l[ ) 

(A171 A272|sA373)^ = ^C(7^)(Ai7i|(A272|Ag(<;',.)|Ai/i >|A270 • (10-23) 



Classification of multiple representations A3 in the representation Ai(g)A2 is special 
problem and we shall not discuss it here. For the non-deformed algebra sm(3) this 
problem was considered in details in ||l^, |l9| . Concerning the matrix elements in 
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the right-side of (10.23) we give here an exphcit expression for the more general 
matrix element: 

(Ai7i|(A272|A,(P^^;^^,)|Ai7; >|A27^) . (10.24) 

Using a tensor form of the projection operator ( |10.21[ ) and the Wigner-Racah 
calculus for the subalgebra Uq{su{2)) it is not hard to obtain the following 
result (see Q): 

(A171 1 (A272 1 a,(p4^^,) I A17O I A27O 



^ ^ ^" ^/ifiifiif'i 

Jl J2 1 2 3 



(10.25) 



f' 



f' 



ti t2 tz 

Here 

A = [A + l][Ai+l][A + Ai + 2] 



[2fi+l][2t:rfl][2ji+l]![2j2+l]![A3+^A'3-j3+«3+l]![A3+^M3-j3-t3l! 
[Al+iA'rtl+*l+l]'[Al+ipl-jl-tl]![A2+iA^2-J2+t2+l]![A^^-ip2-i2-t2]![2i3]! 

[2t',+ l] [24+1] [2j^+l] ! [2j^+l] ! [A3+^M3-i3+*3+ll ! [^3+^M3-33-*3] ' 
[Ai+i ![Ai+i/xi-j;-t'J ! [A2+iA'2-i^+ti+l]![A2+i/:i2-j^-ty ! [2j'^]\ 



(10.26) 



the coefficient CjOj^t'^t'^t'^ does not contain any 'inner' summation (without sum- 
mation!) and has the form 

(_ i)^(n+J2+^-^-^?-^p [2( ji^2-j;'-j">fi] ! [2( j;-h?-^-3r-j")+i] ! [2*3+1] 

[2i;') ! [2j-'] ! [2ji-2i;'] ! [2j2-2j^'] ! [2j;-2i^'] ' [2j^-2j^'] ! [2(h+32-h-j'{-m ! 



X 



Jl J2 ''I '•2 ''3 

[Ai-|-i;Ui-:,;'+«i'+l] ! [Ai+iMi-j"-«i'] ! [A?f ^ A'2-i2'+t2'+l] ! [A2+5M2-j2-t2 ] ' [2t'i'+l] [2*2 + 1] 



Jl-Jl j'l jl 

5M1 ^1 i'l' 
i/ii i'li'i' 



j2-j2 i'i h 

^A*2 ^2 ^2 

^2^32 J2 i2 
2M2 ^2 ^2 



js ii+h-h-ii-i'-l ii+h-i'l-fi 



(10.27) 



J1+J2 is J2 Ji+i2 Jl J2 



t'3 



where 



2 / 
i=i ^ 

-i,(t,+ l)-i^(i^+l))-2^(A3,Ai3,J3'i3) + ¥'(A3,M3,j3,i3) 
-K^(A3,Ai3,J3,t3) + J3(4A3+ 2/i3+ 2) - 2tg(tg- 1) - 2fl3 
-{]2 + ]'2- 2j^')(2Al+ Ml- 6j;') - (J3-H J-)(J3+J^'+ 1) 

-(J^+ J^') (J^+J^'+ 1) +4(ji- Jl') (J2- J^') + 4(j(- j(') (jV J^') , 



(10.28) 



19 



+ j-t)iy + j+t-3)+ j{X - 2j +1) 



2 V 2 



(10.29) 



J3 = Jl+j2-j3-ji'-.?2 = Ji+J2-J3-Jl-J2- 

A detailed proof of the formulas ( |10.25D-(|10 29D IS given m H. 

The g-9_7-symbol of Uq{su{2)) in ( |lo!25 ) can be expressed in terms of q-6j- 
symbols. This expression has the form: 



Ji J2 J12 
js ji hi 

jl3 j24 j 



^(_l)2Z(^c(2;) + c(i24) + c(i34) + c(j) _|_ l] 

z 

jl h il2 1 r ja j4 ^34 1 f il3 j24 j 



(10.30) 



where c{j) := + In our case ji2 =ji+j2 and wc have in the right side of 
(10.3C) one particular ('stretched') g-6j-symbol (3.24) which docs not contain a 
summation. Therefore each g-9j-symbol in the right-side of ( 10.2E| ) is expressed 
in terms of a linear combination of products of the general q-6j-symbols. Since 
the general g-6j'-symbol can be expressed in terms of the basic hypergeometric 
series 4^3 { .'..', q,q) therefore the q-Oj-symbol is expressed in terms of a linear 
combination of products of two basic hypergeometric series 4^3 ("';q,q]. 



Thus, the general matrix element (10.25) can be expressed in terms of a linear 
combination of products of four basic hypergeometric series 4^3 ( , ', ,', q,q)- 



11 Gelfand-Tsetlin basis for Uq{u{n)) 

Let n := {ai, . . . , Q!„_i} be a system of simple roots of the Lie algebra sl{n) 
{sl{n) :=sZ(n, C) ~ A„_i) endowed with the following scalar product: {ai.aj) — 
{aj,ai), {ai.ai) = 2, {ai,ai+i) = -1, {ai,aj) = ((|i - j| > 1). 

The quantum Hopf algebra Uq{sl{n)) is generated by the Chevalley elements 



, e±ai (« = 1, 2, . . . , rt— 1) with the defining relations: 



q'''''e±a^q-''° 



ha ■ h„ 

q J q ° 



[[e±Q,e±Q.]^e±Q.]^ = 



A,(e±„J 



(N-Jl>2), 



(11.1) 



(11.2) 



Below we shall use another basis in the Cartan subalgebra of the algebra sl{n) 
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{Uq{sl{n)). Namely we set 

i {{n-l)K,+ (n-2)/i„,+ • • • + 2K^_^+K^_, + N) , 



^11 



h 

oik 1 



(11.3) 



k=l 



e„„ = ^ (-/iqi- 2/ia2 {n-2)ha„_^- {n~l)K^_^+ N) . 

Here is a central element of g {Uq{g)), which is equal to for the case g = sl{n) 
and N ^ for g — gl{n). It is easy to see that 

hai = en - e^i^i (i = 1, . . . , n - 1) , 

N = en + 622 + . . . + e„„ . 

Dual elements to the ones en (i = 1,2, . . . ,n) will be denoted by (i = 1, 2, . . . , n): 
ei{ejj) — {ei,ej) — Sij. In the terms of e,; the positive root system A-|_ of sl{n) is 
presented as follows 

A+ = {e, - 1 1 < z < j < n} , (11.5) 

where — e^+i are the simple roots: ai — e.; — e^+i (i = 1, 2, . . . , n — 1) . For the 
root vectors ec._£^. (i ^ j) the another standard notations are also used 

dj -.^ ee,-e^ , eji-.^e^.-ei {l<i<j<n). (11-6) 

In particular, the elements ea^i, e^i are the Chevalley generators: eim — e^., 
ei+u^e-ai (i = 1, . . . ,n-l). 

For construction of the composite root vectors e.y (j ^ izLl) we fix the following 
normal ordering of the positive root system (see [p6[) 



(ei-e2), (ei-e3,e2-e3), • • ■ , (ei-Q, • ■ . ,ei_i-ei), . . . , (ei-e„, . . . ,ei-e„). (11.7) 

According to this ordering we set 

eij -.^ [eik,ekj]q-i , eji := [ejk, eki]q {I < i < k < j < n) . (11-8) 

It should be stressed that the structure of the composite root vectors ( 11. 8| ) is 
independent of the choice of the index k in the r.h.s. of the definition (11.8). In 
particular, one has 

:= [cji+i, ej+ijg-i = [ejj_i, ej_i-,]^i {l<i<j<n), 

(^11.9) 

e-ji := [ej^i, e^+ii], = [ejj_i, Cj^i;], (1 < « < j < n) . 



The explicit formula for the extremal projector ( |7.2| ) specialized to the case of 
Uq{sl{n)) has the form 

p{Uq{sl{n)) ^ p{Uq{sl{n-l)){pj^^P2n---Pn-2nPn-ln) (1110) 
= Pl2(Pl3P23) • • • (Ph • • -Pm+i) • • • {Pln ' ' ' Pn^ln) > 
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where the elements pij are given by the formulas ( 10. 5| ) with {1 < i < j < n). The 
extremal projector p := p{Uq{sl{n)) satisfies the eqs. (10.6) with (1 < i < j < n). 

The quantum algebra Uq{su{n)) can be considered as the quantum algebra 
Uq{sl{n)) endowed with the additional Cartan involution *: 



q* =q (or 



(11.11) 



Since the quantum algebra Uq{su{n)) can be interpreted as the algebra Uq{u{n)) 
with the central element N = and the inner structure of its representations is 
more easily described in terms of Uq{u{n)), we shall consider the quantum algebra 
Uq{u{n)). 

Let V^"^ be a finite-dimensional IR of Uq{u{n)) with the highest weight A„ :— 
(Ai„, A2„, . . . , A„„) where Xin-\+in [i = 1, . . . ,n-l) are nonnegative integers. 
The vector of the highest weight, denoted by the symbol |A„), satisfy the relations 



q''''\Xn) = q^'-\Xn) {l<i<n) 
eij\Xn) = {i < j) ■ 



(11.12) 



Labeling of another basis vectors in IR V^" depends on choice of subalgebras of 
Uq{u{n)) (in other words which reduction chain from Uq{u(n)) to subalgebras is 
chosen). Here we use the 'so called' Gelfand-Tsetlin reduction chain: 

Uqiuin)) D Uqiuin - 1)) D . . . D Uq{u{k)) D . . . Uqiuil)) , (11.13) 

where the subalgebra Uq{u{k)) is generated by with i, j — 1,2, . . . , k. 
The following theorem can be proved. 

Theorem 11.1 In the Uq{u{n))-module V^^ there is the orthogonal Gelfand- 
Tsetlin basis consisting of all vectors of the form 



|A) := 



Aln A2,i 
Aln-1 A2ri-1 



An— In Ann 
An-ln-1 



Al2 

All 



A. 



(11.14) 



F_(Ai;A2)F_(Ai;A2)---i^_(A„_i;An)|An) , 



where the numbers Xij satisfy the standard inequalities ('between conditions ') for 
the Lie algebra u(n), i.e. 

i+i-,+1 for 1 < i < j < n-1 . (11.15) 
The lowering operators (A/t; Afc+i), (k — 1, 2 . . . , ti — 1), are given by 



F_(Afc; Afc+i) = M{\k;Xk+i)piUqiuik))) Y[iek+u f^'^^- 



(11.16) 
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k 

n 

i=l 



[hk+l—hkV-[hk+l—lh 



^ , ^ .^i ^ ihk-hkinhk^i~i,k~^i-i\\ 



(11.17) 



where lij '-^Xij —i. 



The explicit form of the basis vectors (11.14) allows to calculate the actions of the 



Cartan-Weyl generators on these vectors. 

For the Cartan elements q'^" , (i = 1, 2, . . . , n), we easy find that 



(11.18) 



Here Si =X]j=i ^jit where the numbers Ai.i, A21;, . . . , Xu are ones in the i-th row of 
the pattern A of the vector ( 11.14 ), 5*0 = 0. The computation of the action of the 
generators Cij for i ^ j is more difficult. The proce dure o f this computation goes 
as follows. First of all, using the explicit expression ( 11.14 ) for the basis vector |A), 
we determine the transformation of the basis under the action of the generators 
Cin-i and e^+ii for all i = 1, 2, . . . , n — 1. Then using the inductive definition (11.8) 
for the generators we find their action for all i 7^ j. The result reads as follows. 



Theorem 11.2 The Cartan- Weyl generators Ckk+s md eu+sk (* — 1; 2, . . . , n—k ) of 
the quantum algebra Uq{u{n)) act on the Gelfand-Tsetlin basis ( 11.1/, ) according 
to relations: 



Here 



ekk+s\^) — ^ ('^+^ ^ip,fc+p-i|6fefe+s|'^) |-^ + ^ ejp,fc+p-i), (11.19) 

s s 

efe+sfe|A) = ^ (A — ^ ejp,fe+;^i|efe+sfc|A) |A — ^ Ej-p^fe-i^i). (11.20) 



p=l 



efefe+,|A) = ^(A)g'^i'=-'^- 



n {^ + ^jr,k+r-l\ek+r-lk+r\^) , 



(11.21) 



r=l 



(A-E ejp,fc-+i^i|e/c+sfc|A) = ^_i(A)g'^='=+-i-':'i' 
p=i 



^ Y[ {^~^jr,k+r-l\^k+rk+r-l\^) J 



(11.22) 
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whe 



{^ + £jr,k+r-l\sk+r-lk+r\^) — \ ^ " 



( A + e j ^ ^ fc+r-l I e k+r-1 fe+r I A ) 



^(A) = n 



fc+T fc+r-2 

]^ [hk+r—^'jr-k+r-l] Y\ ^ M-r-2~ ^ jV l] 
a i=l 

■, + r-l 

1 = 1 

k+r k+r-2 

i = l i=l 

k + r-1 

Y\ [hk+r^l— Ijr ;H-J— 1+ 1] [I i k+i^l— Ijr-ki-j^l ] 
i = l 



(11.23) 



sign(x) = 1 /or a; > and sign(a;) — —1 /or x < 0. 



(11.24) 



(11.25) 



,fc + r-l. 



In ( 11.19| ), ( |ll.20 ) each summation index jr runs over integers 1,2, . 
The symbol means the Gelfand-Tsethn patter, which has zeros everywhere, 
except 1 on the place (ij). The sum of the Gelfand-Tsetlin patterns is given with 
the sums of the corresponding labels, as a sum of matrices. 

In the case s = 1 the formulas (11.19)-( 11.25| ) coincide with the results of [||, 
where they have been given for the first time, however without a proof. 

At the limit the formulas ( 11.14| )-( 11.25D coincides with the results of 

the paper [Q. 

Now we consider some generalizations of the extremal projector for the case of 
the quantum algebra Uq{sl{2, C)). 



12 'Adjoint extremal projectors' for Uq{sl{2, C)) 



Let be the Casimir invariant for Uq{sl{2, C)): 



j2 = i(J+J_ + J_J+ + [2][Jo]2) . 



One easily verifies that: 



J2 =X + [Jo][Jo + l] , 



(12.1) 
(12.2) 



where we use the notation 

X ;= J_J+ . (12.3) 

It is evident that the first equation ( |9.11 ) for the extremal projector ( |9.9| ) can be 
rewritten in the form 

Xp = pX = . (12.4) 
By using the Casimir operator we can rewrite this equation as follows 



J2p^pj2 = [Jo][Jo + l]j5 



(12.5) 
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Thus the extremal projector p is an eigenvector for the Casimir operator with 
the eigenvalue [Jo] [Jo + 1] ■ The equation ( 12. 4| ) is similar to the algebraic equation 
for the (5-function: 

xS{x) = . (12.6) 

Let us continue this analogy. It is known that d{x + e) is the generating function 
for derivatives of (5-function, i.e. 



Introduce an element p{e) of the form 



e=0 



jn jn 

r(n+l-e)r(2Jo+2+e) - + ' 



(12.7) 



(12. 



The element p(e) is an analog of the generating function 5{x + e). Its properties 
are described in the proposition. 



Proposition 12.1 The element p{e) satisfies the equation 
Xp(e)=p(e)X = [e][2Jo + l + eMe) 



(12.9) 



J2p(e) = p(e)j2 = [Jo + e][Jo + 1 + e]p{e) 



(12.10) 



Proof. The equation ( 12.9| ) is ea sily verified by direct calculation. The equation 
( 12.10| ) is a conseque nce of ( 12!9| ). 

We see from eq. ( 12.10 ) that the element p(e) is a eigenvector of the Casimir 
operator with the eigenvalue [Jo + e][Jo+ e+1]. 

Let us introduce a scaling-derivative D^f{x) of a function f{x) depending on 
a variable x as follows 



D^fix) = ^Iim^/(2±M_1M = (^i _ q-i)(lnq)-'f:ix)) , 

where is the usual derivative of the function f{x). 

Let n = 0, 1, 2, . . ., be scaling-derivatives of p(e) at e = 0, i.e. 



(12.11) 



(12.12) 



Proposition 12.2 The elements p'^^^^ n = 0,1,2, ... , satisfy the algebraic equa- 
tions 



for n = 0,1,2,. 



whe 



a'l = {q- -q ' \q - +(-1)"'? ^ 



(12.13) 



(12.14) 



25 



The elements p*^") can be redefined to p^"^ such that they will satisfy the simple 
equations 



(n-l) 



for n = 0,2,1, 



for n = 0, 1,2, . 



(12.15) 



(12.16) 



Proof. Applying the scaling-differentiation operator (De)"' to eq. ( 12. 9| ) and 
putting e = we obtain the equations (12.13). Let 



P 



n(0 



/=0 



Substituting this in eq. (12.K) we obtain the system of equations 

d"-^ , for ; = 0,1,2,..., 



k=l+l 



1 



(12.17) 



(12.18) 



This system has a unique solution if d\ = [2Jo + l]^^ and dJ^ — for m—1, 2, . . . ,n— 
1. We shall not present the solution here, since it has a cumbersome form. 

Remark, (i) The elements = 1,2,..., are adjoint-vectors of the Casimir 

operator with eigenvalue [Jo][>/o + l]- They are joined to the eigenvector p of 
J^. In this connection the element p^"-* is called the 'adjoint extremal projector' 
of the n-th order. 

(ii) The elements (-l)"(n!)p("), n = 0,1,2,..., are analogs of the (5-function 
and its derivatives, since they satisfy the same algebraic equations. 

(iii) In limit q 1 the elements p^"^(p^"^), n = 0, 1, 2, . . ., turn into the corre- 
sponding elements of sl{2,C) [ p7| . 

It was found that the 'adjoint extremal projectors', p^^^\Uq{sl{2)), n = 1, 2, . . ., 
are closely connected with a special class of decomposable representations for quan- 
tum algebra Uq{sl{2)) (details see [^). 
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